In this paper, we investigate properties of functions from Z n p to Zq, where p is an odd prime and q is a positive integer divided by p. we present the sufficient and necessary conditions for bent-ness of such generalized Boolean functions in terms of classical p-ary bent functions, when q = p k . When q is divided by p but not a power of it, we give an sufficient condition for weakly regular gbent functions. Some related constructions are also obtained.
Introduction
As an interesting combinatorial object with the maximum Hamming distance to the set of all affine Boolean functions, bent functions were introduced by Rothaus [12] in 1976. Such functions have been extensively studied because of their important applications in cryptograph [2] , sequence design [10] , coding theory [1] , and association schemes [11] . We refer to [4, 16] for more on cryptographic Boolean functions and bent functions.
In [13] , Schmidt proposed the generalized bent functions from Z n 2 to Z 4 , which can be used to constant amplitude codes and Z 4 -linear codes for CDMA communications. Later, generalized bent functions from Z n 2 to Z 8 and Z 16 were studied in [14] and [8] , respectively. Recently, a generalization of bent functions from Z n 2 to Z q , where q ≥ 2 is any positive even integer, have attracted more and more attention. Existence, characterizations and constructions of them were studied by several authors [7, 5, 9, 15] . In fact, the study of generalizations of Boolean bent functions started as early as in 1985 . In [6] Kumar introduced the notion of generalized bent functions from Z n q to Z q , where q is any positive integer. Such functions are often called p-ary generalized bent functions when q = p is an odd prime number. As for generalized bent functions from Z n 2 to Z q , a natural problem is to generalize them to the p-ary case, i.e., studying generalized bent functions from Z n p to Z q for an odd prime p. To the best of our knowledge, there is no literature discussing such generalized bent functions up to present. We mainly focus on the case when q is divided by p in the present paper.
Throughout this paper, let Z n p be an n-dimensional vector space over Z p for an odd prime p, Z p (or Z q ) be the ring of integer modulo p (or q), and C be the field of complex numbers, where n, q are positive integers. If x = (x 1 , ..., x n ) and y = (y 1 , ..., y n ) are two vectors in Z n p , we define the inner product by x · y = x 1 y 1 + · · · + x n y n (mod p) (without cause of confusion, we always omit "mod p" in the sequel). For a complex number z = a + b √ −1, the absolute value of z is |z| = √ a 2 + b 2 andz = a − b √ −1 denotes the complex conjugate of z, where a and b are real numbers.
A function from Z n p to Z q is called a generalized Boolean function on n variables, whose set is denoted by GB q n . We emphasize that q is a positive integer divided by p in this paper. For a function f ∈ GB q n , the generalized Walsh-Hadamard transform, which is a function
for any u ∈ Z n p , where ζ p = e 2π √ −1 p and ζ q = e 2π √ −1 q represent the complex p-th and q-th primitive roots of unity, respectively. The inverse generalized Walsh-Hadamard transform of f is
We call the function f a Z q -valued p-ary generalized bent (gbent) function if
Such a function f * is called the dual of f . From the inverse generalized WalshHadamard transform, it is easy to see that the dual f * of a gbent function f is also regular. A gbent function f is called weakly regular if there exists some generalized Boolean function f * and a complex α with unit magnitude satisfying
The rest of the paper is organized as follows. In Section 2, from the theory of cyclotomic fields we prove that for gbent functions f ∈ GB
, where α ∈ {±1, ± √ −1}. In Section 3, we give the sufficient and necessary conditions for gbent functions f ∈ GB p k n , and the sufficient conditions for weakly regular gbent functions in GB q n when q is divided by p but not a power of p. In Section 4, we give some related constructions. Concluding remarks are given in Section 5.
Preliminaries
In this section we will give some results on cyclotomic fields, which will be used in the following sections. We also completely determine that what Walsh spectra values can attain, for any gbent function in GB p k n , where k is a positive integer. Firstly, we state some basic facts on the cyclotomic fields K = Q(ζ p k ), which can be found in any book on algebraic number theory, for example [17] .
Let O K be the ring of integers of 
Therefore, the set P (K) of all principle fractional ideals is a subgroup of I(K). Some results on K are given in the following lemmas.
We know that an algebraic integer x of an algebraic number field is a root of unity if and only if all its conjugates σ(x) (where σ ∈ Gal(K/Q) ) have unit magnitude. We use σ * to denote the automorphism performing complex conjugation, i.e., σ
, the Galois group Gal(K/Q) is an Abelian group, which ensures that
and we therefore have
is an algebraic integer having unit magnitude, then x is a root of unity.
For a gbent function f ∈ GB p k n , we will determine what the Walsh spectra values of f can attain. Firstly, we give the following lemma, which will be used to determine the Walsh spectra values of gbent functions in GB
Lemma 2.3 (see [6] ). For a positive integer q,
When n is odd and p ≡ 1 (mod 4), from Lemma 2.3, we have
When n is odd and p ≡ 3 (mod 4), from Lemma 2.3, we have
If p k ≡ 1 (mod 4) and l is even, then set f
This completes the proof.
Remark 2.1. In Lemma 2.5, when k = 1, the gbent function f is just classical p-ary bent function. In this case, we have
if n is even or n is odd and p ≡ 1(mod 4),
if n is odd and p ≡ 3(mod 4).
which coincides with the result given by Ç eşmelioǧlu et al. in [3] . Lemma 2.6. Let k is a positive integer, and a ∈ Z p , then
In fact, we know that
where I p stands for the identity matrix of size p. Define now a collection of maps from C to itself by setting 
Furthermore, according to (3), one has, for any z ∈ C, 
Then plugging Eq. (4) into Eq. (5), we have
If we set z = ζ q k and plugging it into Eq. (6), then we get
Proof. (i). It is easy to see that we only need to prove {1,
i.e.,
and
, which is a contradiction. Therefore,
similarly as (i), all b ij and c ij equal to 0, i.e., all a i = 0. So (ii) holds.
Proof. For simplicity, denote
Since ζ
, where the coefficients can form a non-singular matrix over
Then, we have
Sufficient (and necessary) conditions for gbent functions
In this section, we mainly focus on functions from Z n p to Z q , where p is an odd prime number and q is a positive integer divided by p. In subsection 3.1, we present the complete characterization of gbent functions in GB p k n in terms of classical p-ary bent functions. In other words, we give an efficient and necessary condition for gbent functions in GB p k n . In subsection 3.2, we consider generalized bent functions in GB q n , where q is a positive integer divided by p but not the power of p. In this case, we give an sufficient condition for weakly regular gbent functions in GB q n .
sufficient and necessary conditions for gbent functions
in GB
n . It turns out that the generalized Walsh-Hadamard spectrum of f can be described in terms of the Walsh-Hadamard spectrum of its components functions f i .
where
Proof. According to the definition of H f (u), we have
The last equality holds from Lemma 2.9. It is easily to get that
This completes the proof. and j ∈ Z p such that
where a = (a 1 , a 2 , · · · , a k−1 ).
Proof. If n is even or n is odd and p ≡ 1 (mod 4), then
According to Theorem 3.1 and Lemma 2.8, we have
By the definition of Walsh-Hadamard transform and condition (i) of Lemma 2.3, we have
when n is even or n is odd and p ≡ 1 (mod 4). Then from Remark 2.2, we can get
where v and j only depend f and u.
If n is odd and p ≡ 3 (mod 4), By the definition of Walsh-Hadamard transform and condition (ii) of Lemma 2.3, we have
Similarly as above, from Lemma 2.5 and Remark 2.2, we can get
where f ∈ GB
The following results are straightforward consequences of Theorem 3.2.
where f ∈ GB p k n and f i ∈ B p n . Then, g π is always gbent, where g π is defined as
sufficient conditions for regular gbent functions in GB q n
In this subsection, we consider generalized Boolean functions in GB q n , where q is a positive integer divided by p but not the power of p. In this case, an efficient condition for weakly regular gbent function was given, which in terms of the component functions of f .
However, for the reasons explained below, we rewrite the function f (x) as
where f i ∈ B . This coefficients, which naturally appears when q = p k as the coefficient of f 0 (x) as discussed in subsection 3.1, actually made it possible to express the spectral values of the generalized Walsh-Hadamard transform of f in terms of certain linear combinations of H f0+
aifi (u) as given by (7). Then, we give the main result of this subsection.
and j ∈ Z p such that
where a = (a 1 , a 2 , · · · , a k−1 ) and α is a complex number with unit magnitude, then f is a weakly regular gbent function.
Proof. Similarly as in Theorem 3.1, we can get
Therefore, we conclude that f is a weakly regular gbent function. This completes the proof.
Remark 3.2. Under the assumptions of Theorem 3.3, it is easily to get that f π (x) is always weakly regular gbent, where 
Construction of gbent functions
The results from previous sections allow us to construct gbent functions in GB 
is a generalized Hadamad matrix of order
p k−1 stands for the r-th row of H p k−1 . Therefore, Theorem 3.2 can restate as follows: 
where a = (a 1 , a 2 , · · · , a k−1 ). Proof. From Theorem 4.1, the corollary follows.
In the following, we give the examples of gbent functions for q = p k and not, respectively. → Z 27 and f (x) = 9f 0 (x) + 3f 1 (x) + f 2 (x), where f 0 (x) = 2x 1 x 3 + x 2 x 4 , f 1 (x) = x 1 + x 2 and f 2 (x) = x 1 . From Theorem 4.1, we know that f is gbent.
Denoting H a (u) = (H a 0 (u), H a 1 (u), · · · , H a 8 (u)), for u ∈ Z 4 3 , the vectors H a (u) are given in Table 1 . We note that H 9 = H , where f 0 (x) = x 1 x 3 + 2x 2 x 4 , f 1 (x) = 2x 1 + x 2 and f 2 (x) = 1. From Theorem 4.1 and 3.3, we know that f is gbent.
Denoting H a (u) = (H a0 (u), H a1 (u), · · · , H a8 (u)), for u ∈ Z 4 3 , the vectors H a (u) are given in Table 2 .
Concluding remarks
In this paper, we have investigated gbent functions in GB q n . For q = p k , the complete characterization of gbent functions in GB p k n in terms of classical p-ary bent functions are given, and for such q divided by p but not a power of it, we give the sufficient conditions for weakly regular gbent functions. Besides, constructions of such gbent functions in GB q n is also considered. It would be interesting to construct more gbent functions from Z n p to Z q . u 4 = (1, 1, 0, 0) 
